Decimal Multiplication

Materials:	decimal grid paper, pencils, colored pencils






Demonstrate how to use a measured area model to solve these problems.	Choose two problems to show a relationship to the traditional algorithm.

Fraction Multiplication

Materials:	blank paper, graph paper, pencils, colored pencils






Demonstrate how to use a measured area model to solve these problems.	Choose two problems to show a relationship to the traditional algorithm.






















	
	













































































































































































































	













































































































































































































	













































































































































































































	











































































































































































































	













































































































































































































	













































































































































































































	













































































































































































































	














































































































































































































Rectangular Array Practice
Draw a card from the deck. Arrange the arrays indicated. Discuss. What do you notice   about factors?


	
Build 4 different rectangles, each using 30 square tiles. Name the equations that represent each.
	
Build 7 different rectangles, each using 36 square tiles. Name the equations that represent each.

	
Build 2 different rectangles, each using 17 square tiles. Name the equations that represent each.
	
Build 2 different rectangles, each using 23 square tiles. Name the equations that represent each.




Multiplication Facts

I can’t seem to remember 8 x 7, 6 x 8, or 7 x 6. Using colored pencils and the area model, help me see these products using facts I’m comfortable with.


	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	




LINCS:  Uncovering Coherence Using Area Models with Amy Vickers and Connie Rivera


Rectangular Arrays
Explore rectangular arrays and the concrete Level of Knowing Mathematics using some of these prompts.

· Arrange a rectangular array with your tiles. What is the equation for that arrangement? Is there another equation that could be written for the same arrangement?


· If 6 x 3 is 18, why can you double 18 to find out that the product of 6 x 6 is 36? Show your explanation with the tiles, then sketch it and write an explanation.


· Arrange a square array with your tiles. Use the tiles to demonstrate a square number. Sketch their arrangement and write an equation that represents your sketch. What other equations could represent that same sketch?


· Give an example of something in this room or at your home that naturally is arranged in a rectangular array.

Exploring the Natural Order of Operations with Bingo Chip Arrays
[image: ]Reiterating an acronym (such as PEMDAS) to remember part of a procedure is not nearly as useful in the long run as teaching for conceptual understanding. Students often remember the memory aides, but not all of the aspects of them (such as multiplication and division are taken together from left to right), when to use them, or why they work – therefore limiting their understanding for higher instructional levels. This activity will help them build a foundation for future instruction. An activity such as this gets away from worksheets and makes students think beyond procedure.


Opening Discussion:
Show the Number of Candies photo (See page 5).  Discuss with students.
· “How many candies are in this picture?” 12.
· “How did you figure that out?”  If necessary, add:  “Is there a way to know without counting?”
· Write their expression or equation up on the board (such as 3 x 4 = 12). “Could I have written it differently?” (such as 4 x 3 = 12)

“The arrangement of the candy in the picture almost looks like a square, but it’s actually arranged in a rectangle. These wouldn’t be the most obvious expressions for this array, but can I use an exponent to describe the array?”  (32  + 3  or  3 + 32    or  42  − 4)

“How can I find out how many chips are in this bag without actually counting every chip?” Using the 25 bingo chips from the bag, make an array with 2 rows of 10 and a row of 5.





“How can I write an expression for that?”  Solicit ideas to get at least three versions.























Practice with a new arrangement (such as a 4 by 6 array with one on an end) if needed.

Demonstrate square arrays that lend themselves to using exponents.  Begin with a 5 by 5 arrangement to solicit an expression of 52.


5
Practice a few other arrangements that allow students to experience seeing “squared” as an
actual square shape, and connect that to an exponent of 2.
5	𝟒� + 𝟒 ∙ � + �
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Teacher Fellows Lesson Plan
inspiration for this lesson came from June 2011 SABES’ Math Bulletin

	Activity 1 (individual):
Pass out unmarked bags of bingo chips randomly.  Tuck directions into each bag:

	Writing Expressions
1. Arrange these items so that you can find out how many there are in your bag without actually counting every object.
2. Draw a representation of your array on paper.
3. Write a numerical expression to represent your array.

	
Activity 2 (small group):
1. Form groups by asking participants to find the others who have the same number of bingo chips as they do.
2. Once in groups, participants will compare their arrays and numerical expressions. Working together, they will determine if there are any other possible arrangements for their number of bingo chips. Next, ask participants to draw the arrangements and write equations to go with them.  Pass out written directions as needed:

	Writing Equations
In your group:
1. Compare your arrays and numerical expressions.
2. Determine if there are any other possible arrangements. If so, draw the arrangements and write equations to go with them.

	
Extension:  Using the bingo chips from Activity 1, represent given expressions with an array.  Do at least one from each row.
2 + 3 • 5	5 + 2 • 3	4 + 6 • 3	3 + 5 • 3
2 • 4 + 1	5 • 2 + 3	4 • 3 + 6	3 • 5 + 2
3 • 2 + 5 • 2	3 • 3 + 4 • 2	4 • 3 + 2 • 2	2 • 4 + 2 • 3
3 • 5 – 4	4 • 3 – 2	2 • 4 – 1	9 • 1 – 4
42  + 1	2 + 32	32  + 6	42  – 2

Evidence of Success (Formative Assessments): What exactly are students expected to be able to do by the end of the lesson, and how will mastery be measured?  What would outsiders see that would convince them that students have developed a deep understanding?

Success will be observed as students are able to write multiple numerical expressions that represent the same arrays and create arrays to represent given expressions.
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	Resources/Materials: What texts, digital resources, & materials will be used in this lesson?  (Attach or link resources if possible.)

· Photograph “Number of Candies?” (see last page)
· 1 bag of 25 bingo chips (could use drawings instead of chips for a model)
· 1 bag of bingo chips, pennies, or crackers per student. Make 3 bags of each prime number beginning at 17 [continue with 19, 23, 29, 31, 37, 41, 43, etc.] until you have enough for each participant to have one bag.  Print directions and tuck into each bag.
· 2 – 3 sheets blank or lined paper per participant
· 1 pencil per participant

	Academic Vocabulary: What domain or academic-specific words will you use in the lesson?

array – a set of objects arranged in a specific pattern (usually rows and columns)

	Differentiated Instruction: What are ways that you will adapt the lesson for students with different skill levels? How could you stretch the lesson for more advanced learners? How might you make the lesson more accessible for struggling/reluctant learners?

It would be helpful to visual learners if students were able to see the arrays created during the opening discussion on a document camera, drawn on the board, or even by circling around a table.  See Success Tips for additional ideas.

	Success Tips: What specific tips could you offer educators adopting this lesson? What are potential student misconceptions or struggles with the lesson?
· When demonstrating examples, eliminate any unnecessary parenthesis.
· Be sure to use context when reading expressions. For example, 3 • 4 can be read: “Three rows of four.” “Times” does not have as much meaning.
· Avoid mentioning “the Order of Operations” or “PEMDAS (Please Excuse My Dear Aunt Sally)” so that students who do not make the connection will not rely on past habits that have not been beneficial to full  understanding.
· When circulating during the activities:
· prompt different expressions by asking if students can use the same array they wrote a multiplication/addition expression for to demonstrate multiplication and subtraction.  In the same way, prompt use of exponents.
· foster deeper connections by asking students why they multiplied first to find out their total.
· deepen students’ thinking by rotating their array 90° and asking if that changed the expression they would write for it


[image: ]
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http://www.byki.com/lists/spanish/candy.html

[image: ]Writing Expressions to Describe Real-World Arrays

	Opening Discussion:
Review with students how to determine how many candies are in this picture without counting.  (3 • 4 = 12 or
32  + 3 for example)

Review how to find out how many chips are in a bag without counting every chip. (create an array) Ask students for an example of an expression (2 • 10 + 5) and of an equation (2 • 5 + 3 • 5 = 25).

[image: ] [image: ] [image: ] [image: ] [image: ]
[image: ] [image: ] [image: ] [image: ] [image: ]
Continue the discussion using three new photographs (found at the end of this document). List possible equations for the arrays in the photographs on the board. Be sure to read with context, saying “sets of,” “rows/columns of,” or “groups of” rather than “times.” See Success Tips for other suggestions.

	
	Smart Phone
	Number of Hearts
	Solar Panels
	

	
	
[image: ]
	
[image: ]
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	Possible written expressions:

3 • 4 + 2 =
4 • 2 + 2 • 3 =
4 • 4 – 2 =
42  − 2 =
	Possible written expressions:

5 • ½ + 4 • 5 + 5 • ½ =
.5(1 • 5) + 4 • 5 =
42  + 4 + 2(5  ∙  1   =
)

	Possible written expressions:

4 • 4 • 9 • 6 =
8(9 • 6) + 8(9 • 6) =
2(6 • 9 • 2 • 4) =
42   ∙ 9  ∙ 6 =
	



	
Small Group Activity:
[Before class, choose array photographs (laundry, windows, cookies, muffins, chairs, shoe racks, cube storage, or wine racks) appropriate for the level of students in class.]

Pass out one set of themed array photographs to each pair or group of three students.  Pass out written directions as needed:

	Exploring the Natural Order of Operations
Working together, write at least two numerical expressions for the arrays you see in each photograph.

	

Circulate. Make sure students are communicating with each other and working as a group on examples rather than distributing the work.  Ask clarifying questions and give feedback. Examples:
· “As I look at your equation, I notice 	.  What would result if 	?”
· “Can you predict the outcome of your equation if we changed the location [set of objects in a picture] to [new location or new number]?”
· “Why is it better to solve [example of one of their equations] in that order?”
· “What similarities does that equation have with this equation?”
· “Why is multiplication performed before addition and subtraction when you find out your total?” (converting to like units → must make rows and columns of items into single items before adding)
· “Do you need parenthesis in this equation or are they optional?” (grouping symbols are used to disrupt the natural order of operations if needed for the context of the expression)
Expect students to Attend to Precision (MP.6). Look for evidence that students’ written expressions contain accurate symbols and operations, and that students are using some of the vocabulary words in their descriptions of photographs as they discuss what arrays they see in their groups.

Wrap-up (whole group):
Have small groups share a photograph and a corresponding expression or equation, read with context (not “times” but “6 sets of 4 shoes minus …”), with the whole group.

	2
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	Extensions:
· Take a photograph of an array that you see this week.
· Revisit this activity at the beginning of a new week with a different set of photographs to review before moving on.

Formative Assessments: What exactly are students expected to be able to do by the end of the lesson, and how will mastery be measured? What would outsiders see that would convince them that students have developed a deep understanding?
Students will be able to explain their ideas to fellow students. They will be able to write expressions or equations that show the use of the distributive property, commutative properties, grouping symbols, and a variety of operations.

	Resources/Materials: What texts, digital resources, & materials will be used in this lesson? (Attach or link resources if possible.)

· 2 – 3 sheets blank or lined paper per participant
· 1 pencil per participant
· Photographs of real-world arrays for models (number of candies, smart phone apps, solar panel, number of hearts) which can be found at the end of this document
· 1 set of six to ten themed array photographs (laundry basket holes, window panes, cookies, cupcakes and muffins, chairs, shoe rack, cube shelf storage, or wine racks) for every three participants. You can find your own, or use the selection in the folder.

	Academic Vocabulary: What domain or academic-specific words will you use in the lesson?

context – the circumstances that form the setting for a real-world math problem; the situation which presents a mathematical problem
array – a set of objects arranged in a specific pattern (usually rows and columns)
expression – a math phrase made of numbers, symbols, and operation signs grouped to show the value of something equation – a written statement showing equality between two expressions
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	Differentiated Instruction: What are ways that you will adapt the lesson for students with different skill levels? How could you stretch the lesson for more advanced learners? How might you make the lesson more accessible for struggling/reluctant learners?

· Challenge more advanced students to create additional expressions for an array, use other operations, or to write their expression in English words.
· The themed photographs range in difficulty; choose simple or complex pictures based on what you know about your students’ needs and abilities.
· Consider giving some of all of the individual practice sheets from Lesson 6 (Find the Missing Number, Grouping Symbols, and Creating True Equations) as homework before the lesson for students who could benefit from a head start.

	Success Tips: What specific tips could you offer educators adopting this lesson? What are potential student misconceptions or struggles with the lesson?
· When demonstrating examples, eliminate unnecessary parenthesis. Sometimes extra parenthesis fit the description a student gives (see Solar Panel bullet below), but make sure to ask questions so students see which ones are necessary to disrupt the natural order of operations and which ones are used just to aid understanding.
· Don’t get hung up on the “right” interpretation of a photo. The point is to create expressions, not determine a certain numerical answer for a particular photo.
· Be sure to use context when reading expressions. For example, 3 • 4 + 2 can be read: “Three rows of four apps plus 2 more apps.” Also, 5 • ½ + 4 • 5 + 5 • ½ can be read: “Five sets of half a heart plus 4 sets of 5 hearts plus five more sets of half a heart.”   “Times” does not have as much meaning.
· Students will need models of how to write expressions linearly and avoid the temptation to “just find the answer.” For example, when looking at the Solar Panels photo, students are likely find 6 x 9 = 54 and then start a new equation. Ask them to describe the entire photo before thinking about an answer.  “The smaller set of squares have 9 across and 6  down. There are two columns and four rows of these on one solar panel. There are double that many because there are two solar panels in the picture.”  (9•6 •  2•4)2
· Avoid mentioning “the Order of Operations” or “PEMDAS (Please Excuse My Dear Aunt Sally)” so that students who do not make the connection will not rely on past habits that have not been beneficial to full  understanding.
· Don’t break down the problems or suggest solution strategies while students are working in groups; don’t remove the obstacles that lead to critical thinking that allows them to build deeper knowledge. Use questions like, “Do you agree with __’s thinking?” if students need to be brought on  track.


[image: ]
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https://itunes.apple.com/us/app/icon-skins-free-home-screen/id400677318?mt=8
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1. In groups of three or two, take turns rolling the dice.  

Color in an area on the grid indicated by the dice.  

For example, if you roll a 2 and then a 3, color                  a 2 x 

3 rectangle.

2. Write the number of squares in the rectangle to indicate the 

product of the two sides.

3. The first player to color in all the squares in their grid wins.

4. As the grids fill up, you will roll totals that will not fit on the 

grid, you can break up the factors if you choose.  For 

example, you might identify that 6 x 4 is the same as 2 x 4 

and 4 x 4.  This implicitly reinforces the distributive property of 

multiplication.

1)  Array Game

http://nzmaths.co.nz/resource/array-game

Materials:  

One colored pencil per person, 

one sheet of graph paper per person, and one 

pair of dice per group.


Microsoft_PowerPoint_Slide1.sldx
In groups of three or two, take turns rolling the dice.  
Color in an area on the grid indicated by the dice.  	     For example, if you roll a 2 and then a 3, color                  a 2 x 3 rectangle.

Write the number of squares in the rectangle to indicate the product of the two sides.

The first player to color in all the squares in their grid wins.

As the grids fill up, you will roll totals that will not fit on the grid, you can break up the factors if you choose.  For example, you might identify that 6 x 4 is the same as 2 x 4 and 4 x 4.  This implicitly reinforces the distributive property of multiplication.

1)  Array Game

http://nzmaths.co.nz/resource/array-game

Materials:  One colored pencil per person, one sheet of graph paper per person, and one pair of dice per group.







C:  Here is a game students can play where they are practicing multiplication, as well as the distributive property, and connecting that to the concept of area as they create measured area models to fill a sheet of graph paper.  You can control the length of the game by having students either share a sheet of graph paper or use separate sheets or by using different size grids.  You can provide a variety of dice, 8-sided, 10-sided, 20-sided, etc. depending on the level you want to create.

59



image4.jpeg







image1.jpeg









1) Array Game SEREIIITI
Eoreranae vyoo s S s  co
ks

2 et e s st s ke

S i Gy o £ s 524
s T e oo v st oty
s






image36.png




image37.png




image38.png




image39.png




image40.png




image41.png




image42.png




image43.png




image44.jpeg
Number of candies?

JJQ:
378




image45.jpeg
0
+
=)
-
o~
g
%
s
5]
>
@
5
[

10




image46.png




image47.png




image48.jpeg
0
+
=)
-
o~
g
%
s
5]
>
@
5
[

10




image49.png




image50.png




image51.png




image52.png




image53.png




image54.png




image55.png




image56.png




image57.jpeg




image58.jpeg
il
900
2000




image59.jpeg




image60.jpeg
»E“




image61.jpeg




image62.jpeg




image63.png




image1.png




image64.png




image65.jpeg




image66.png




image2.png




